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Moti vation�
Few cycle pulsescanbeinterestingin theirown right.�
Few cyclepulsesarebeinggeneratedin thelaboratory
– “F ive-optical-cyclepulsegeneration...” Beddard,
etal,Opt.Lett.25, 1052(2000).�
Solving pulse propagation using Maxwell’s equa-
tionsis “easy” (e.g. FDTD), but envelope–basedap-
proachesarefaster, andcanbemoreintuitive.�
Brabec& Krausz[PRL 78, 3282(1997)] derivedan
envelopeSEWA eqn, extendingthe commonlyused
SVEA eqninto a few cycle regime.�
Porras[PRA 60, 5069(1999)]deriveda slightly dif-
ferentSEWA eqnto bettertreattransverseeffects.

Summary� Describetheoryapplicableto any nonlinearity.� Apply thetheoryto variousχ � 2� processes.� Scalingrules:vital to ensurefew-cycle effectsarenot
obscured.
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Theory (I)�
3D wave equation,small transversevariation,plane

polarizedlight, dispersionby expandingk aboutω0, with
k 	 ω 
 2 � ε̃ 	 ω 
 ω2 � c2; zdirectionpropagation,∂α 
 ∂ � ∂α:�

∂2
z � ∇2��� E ���r � t ��� ∂2

t

c2

t

dt � ε � t � t ��� E ���r � t ����� 4π
c2

∂2
t Pnl ���r � t ��

Field  Envelope ! Carrier
Split thedescriptionsof thefield E (andpolarizationPnl)
into anenvelopeA (andB), andacarrier:

E 	#"r $ t 
 � A 	#"r %&$ z$ t 
 eı � β0z' ω0t ( ψ0 �*) c.c.
Pnl 	#"r $ t 
 � B 	#"r %&$ z$ t 
 eı � β0z' ω0t ( ψ0 � ) c.c.$

6fs + 48fs +

� Pulseenvelopestendto belessusefulin thefew cycle
case,becausethey arelesslikely to besmooth(w.r.t. ω0).� A givenenveloperepresentsmany differentfield pro-
files,sincetherearemany possiblecarrierphases.
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Theory (II)�
Derive an envelopepropagationequation...,
Split the descriptioninto A andA- pieces,andsolve
one.,

Co-moving variablesτ � ω0 	 t . β1z
 , ξ � β0z; define
dimensionlessσ � ω0β1

� β0
� 	 ω0

� β0 
 � 	 1� β1 
 �
vf

� vg; andusen0
� cβ0

� ω0.,
Dispersionparametersγn

� ∂n
ωk 	 ω 
*/ ωε

� βn
) ıαn.

	 β0
� ω0 
 D̂ 0 � 1

ıα1 	 ı∂τ 
 ) ∞

∑
n 2 2

γ 0nωn ' 1
0

n!
	 ı∂τ 
 n3 4

�
Our exactpropagationequation...

∂ξA 	 ξ $ τ 
 � . α0

β0

) ıD̂ 0 A 	 ξ $ τ 
 ) ı �65 2β2
0 7	 1 ) ıσ∂τ 
 ∇2% A 	 ξ $ τ 


) 2ıπ
n2

0

	 1 ) ı∂τ 
 2	 1 ) ıσ∂τ 
 B 	 ξ $ τ;A
 ) TRHS

1 ) ıσ∂τ

4
� WhenTRHS

� 0, this is thegeneralisedfew-cycle ap-
proximation(GFEA)equation.� Any backward propagating partsappearas a rapid
modulationof theenvelope;but would beapproximated
away whenenforcing“smooth”envelopes.
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Theory (III)�
Approximations...

TRHS
� 1 . ı

2
∂2

ξ
) ı

2
α0

β0
. ıD̂ 0 23 A 	 ξ $ τ 
98 0 4

Slow Evolution: ∂2
ξ : 1 if ;; ∂ξÃ � ξ � Ω �<;; : ;; Ã � ξ � Ω �<;; �

WeakDispersion: ∂τ : 1 if
;;;; ωm

0 γ �mΩm

β0m!
Ã � ξ � Ω � ;;;; : ;; Ã � ξ � Ω �<;; �

Small Diffraction: ∇2� if � 1 � σΩ � β2
0w

2
0 = 1 �

WeakNonlinearity: B if
n2

0

2π
� 1 � σΩ �� 1 � Ω � 2 = ;; B̃ � ξ � Ω;A� ;;;; Ã � ξ � Ω �<;;?>�

In order of increasingaccuracy:,
SVEA: Slowly-Varying EnvelopeApproximation
. � 1 � ı∂τ � 2 @ � 1 � ıσ∂τ � B �BA B SVEA,

SEWA: Slowly-EvolvingWaveApproximation
— seeBrabec& Krausz,andalsoPorras.� 1 � ı∂τ �DC 1 � ı � 1 � σ � ∂τ� 1 � ıσ∂τ � 2 E B ��A � 1 � ı∂τ � B SEWA� 1 � ı∂τ � 2� 1 � ıσ∂τ � B �FA � 1 � ı G2 � σ H � ∂τ � B SEEA>,

GFEA: GeneralisedFew-cycleEnvelopeApprox.
— This is our new approximation; & includes all time-
dependentcorrectionsto thenonlinearpolarization.Aka “Gen-
eralisedFiniteEnvelopeApprox” �FA FPEA– FinitePulseEn-
velopeApproximation
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Notes(not for display)

I have ...I ... derived exact envelopeequationsgoverning the propagation
andnonlinearinteractionof shortpulses.I ... donethis without theusualSVEA derivationwith its deathby
creepingapproximation

This shows ...I ... the extra “few cycle” effect is a derivative dependentphase
adjustmentto the nonlinearity, which will affect the phasesof
theevolving fields.

I now ...I apply the equationsto secondharmonicgeneration(SHG), de-
generateand non-degenerateoptical parametricamplification
(DPA, NPA), andsynchronously-pumpedopticalparametricos-
cillators(OPOs).I comparethesolutionsin severaldifferentapproximations,includ-
ing the(leastaccurate)slowly-varyingenvelopeapproximation
(SVEA) andthebestGFEA.I studyfew-cycleeffects,by comparingenvelopeandphaseprofiles
for a rangeof differentprocessesandparametervalues.I (in theOPO)calculatetheabsolutephasechangebetweensucces-
sive roundtrips,animportantdiagnosticof few-cycleeffects.
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Kerr Medium χ � 3 �
Brabec& Krausz testedtheir theory by testing its predictions

against a full Maxwell Equationssimulation, and got excellent
agreementbothwith andwithout addeddispersion.

SVEA graph,SEWA graph,GFEAgraph.
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Ideal χ � 2� Notes(not for display)J
Few cycleeffectsunclutteredby dispersion– simulationsonideal

χ � 2� crystalasapreludeto thefull OPOsimulations.J
Strongnonlinearity& conversion:depletionandrepopulation.J
SHG(secondharmonic):K an input fundamentalbeamis convertedinto a secondhar-

monic (i.e. frequency doubled)beam; K eff. conversioneats
a deephole in thecentreof thefundamentalpulse; K for short
pulses,field phasesgettwistedandsotheconversionis reduced.J

DPA andNPA (amplification):K conversionfrom aninput pumpbeamamplifiesaninput sig-
nal/idlerbeam; K eff. conversion– signalcentregetsdepleted;K for shortpulses,fieldphasesgettwistedandsotheconversion
from (andthere-conversionto) thepumpis reduced.J

DPD andNPD (de-amplification):K conversion to an input pump beamde-amplifiesan input
signal/idler beam; K eff. conversion– SVEA model nearly
reachesthe asymptoticstateof perfectde-amplification;K for
shortpulses,field phasetwistingdestroysthephaserelationship
neededfor perfectde-amplification& amplificationcanoccur;K theresidualSVEA signalalsoin theGFEA (uselog scale);J

Scaling(I) K matchedτ and LA L 2 scalesso that SVEA simula-
tionsnovariation. K The(unmarked)scalesfor thefundamental
or pump LA L 2’s arelarger thanfor thesecondharmonic/signal/
idler modes.J

Scaling(II) thesystemparameterswith pulselengthto isolatefew
cycleeffects– seelaterin theSystemScalingsection.
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SecondHarmonic Generation
Idealdispersionlesscrystal– for examplepurposesonly.

Fundamental
Second Harmonic

Scaledfundamental(left) andharmonic(right) pulseenvelopesLA L 2.
Pulselengthsare6, 9, 12,18,24,36,48,72,96fs.SVEA resultsare
like the96fsresult.SeeNotes.

Phaseprofiles for the pulseenvelopesfor an 18fs pulseduration,
with ascaledτ. GFEA (——), SVEA (– – –).K What’soddaboutwith thesegraphs?Much scaling!
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SystemScaling

If thecrystallengthwerefixed,asin a typical experi-
ment,therewould besignificantdifferencesbetweenthe
resultsof simulationsfor differentpulsedurations,even
for thesamemodel(e.g.SVEA).Thiswouldmakeasys-
tematicinvestigationof finite pulselength(“few-cycle”)
effectsimpossible.

We thereforescalethe crystal lengthandsignaldelay
in direct proportionto the pulselength, and the pump
energy in inverseproportion,i.e.

CrystalLength
1000µm

� Pulsewidth
48fs

� 10nJ
PumpPulseEnergy

� PumpDelay
96fs

This scalingmeansthat a pulseof half the width has
doublethe peakamplitude.The consequentincreasein
power counteractsthe reductionin “few-cycle” effects
resultingfrom theshortercrystal.

Thescalingremovesthe grosseffectsof changingthe
pulseduration, so that thoseeffectswhich remainare
dependenton thechoiceof model. We expectto seein-
creasedfew-cycleeffectsfor shorterpulseswhenusing
theGFEA.

Note: We canget true pulse-lengthinvariantpropagation under

theSVEA by alsoscalingthecrystaldispersion:“super-scaling”.
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DegenerateParametric Amplification

Idealdispersionlesscrystal– for examplepurposesonly.

Pump
Signal

Scaledpulseenvelopes/A / 2 (left – signal,right – pump),
for pulselengthsof 6, 9, 12, 18, 24, 36, 48, 72, 96fs.
SVEA resultsarelike the96fsresult.SeeNotes.

Phaseprofilesfor envelopesfor an 18fs pulseduration,
with ascaledτ. GFEA(——), SVEA (– – –). TheSVEA
profilesarenotflat becausethesystemis phasesensitive
w.r.t. theinitial conditions.�

What’soddaboutwith thesegraphs?Much scaling!
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Degen.Parametric De-amplification
Idealdispersionlesscrystal– for examplepurposesonly.

φ
Pump
Signal

SVEA maxLA L 2 M 400; GFEA maxLA L 2 M 400� 000.I Outputsignalpulse LA L 2 for φs � π @ 4 andφp � 0:I At 48fs, the peakGFEA intensityis a factorof N 32 larger than
thatof theSVEA model.

SVEA GFEA
Output signal pulse energies ( signal � OPLAsignalL 2dτ, arbitrary
units) for a range of initial signal (envelope) phases φs

and pulse lengths pulse: and on log scales. φs QR
0 S 250T 0 S 251T 0 S 252T 0 S 253T 0 S 254T 0 S 256T 0 S 258T 0 S 260T 0275T 0300TUSVSWSYX
Title; Motivation;Theory: envelope,equation,approx,Notes;Ideals;SHG;Scaling;DP:amp,
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Parametric Amplification
Idealdispersionlesscrystal– for examplepurposesonly.

Pump
Signal
Idler

Scaledpulse envelopes( LA L 2, left) and phaseprofiles (right), for
pulselengthsof 6 – 96fs. The SVEA envelopesare very similar
to the96fsGFEAenvelopes.SeeNotes.
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Parametric De-amplification

Idealdispersionlesscrystal– for examplepurposesonly.

φ
Pump
Signal
Idler

SVEA max/A / 2 8 400; GFEAmax/A / 2 8 600$ 000.Z Outputsignalintensitiesfor φs
� π � 2 andφp

� φi
� 0:Z At 48fs, the peakGFEA intensity is a factorof [ 32

largerthanthatof theSVEA model.

SVEA GFEA
Outputsignalpulseenergies( signal

� \ /Asignal/ 2dτ, arbi-
traryunits)for a rangeof initial signal(envelope)phases
φs and pulse lengths pulse: and on log scales.
φs Q R 0 S 500T 0 S 510T 0 S 520T 0 S 530T 0 S 540T 0 S 560T 0 S 580T 0 S 600TUSWSVSYX
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OPO Notes(not for display)]
OPO diagram: injectedpump interactswith signal, eneratingan idler. The

pumpandidler exit thecavity, but thesignalis reflectedfor thenext round
trip.]

OPO: ^_^ 0 S 8400µm ` 357THz; ^_^ 1 S 1650µm ` 258THz; ^_^ 3 S 0110µm `
99THz.]

LiNO3: Sellmeiereqn.,Jundt,Opt. Lett. 22, 1553(1997), hence: a different
groupvelocities: ^_^ pumpis slower, sopumpinput time is aheadof signal;^_^ pumpcatchessignalup abouthalfway down thecrystal; ^_^ pump-signal
overlapgeneratesidler]

Use(to startwith) SystemScalingrulesto clarify “few cycle” effects– hence
“scaledOPO”.]

Envelopes:a differencesin pulseshapesfrom 6fs 'cb 36fs,but nocleartrend;a differencesbetweenSVEA & GFEA,but noclear trend; a 48fsunstable.]
No Clear Trend? Effects of few cycle termsare too small or too subtleto

show through– theOPOconstantlyrecyclesthesignalpulse,soit is a very
complex system.Dispersionnotscaled,soSVEA notpulse-lengthinvariant.d

Super-ScaledOPO:hereI alsoscalethedispersion,sotheSVEA simulations
arepulse-lengthscaleinvariant.TheGFEAresultsundergoatransitionfrom
onepulseprofilebetween36fs b 48fs,andthenconvergeto theSVEA.d

Cyles:at 6fs, theidler is clearlyin thefew cycle regime– alsoat9fs,12fs.d
Spectra:get broaderin inverseproportionto the pumppulsewidth – asex-

pected– 6fs, 12fs,48fs. At 6fs thesspectranearlyoverlap– breakdown of
independent-fieldassumptions.]

Phasedrift: a Differencein sizeandcharacterof phasedrift betweenSVEA &
GFEA a Lowergraphs– fixedlengthcrystal– show thedifferencein phase
drift (∆φpp) effect is mostimportantfor betterphasematchedsystems.
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ScaledOptical Parametric Oscillator

+

−

efeefeefeefeefeefeefeefeefeefeefe
efeefeefeefeefeefe
gfggfggfggfggfggfggfggfggfggfggfg
gfggfggfggfggfggfg

hfhhfhhfhhfhhfhhfhhfhhfhhfhhfhhfh
hfhhfhhfhhfhhfhhfh
ifiifiifiifiifiifiifiifiifiifiifi
ifiifiifiifiifiifi

3011nm
 840nm

1160nm
τ

z
LiNbO Signal

Pump
Idler

3

Scaledpulseenvelopes/A / 2, for 6fs – 36fs.SeeNotes.Z In eachframe,lower to upper:pump,signal,idler.Z GFEA (——) andSVEA (– – –).Z Notevariationin SVEA andGFEA profiles.

Title; Motivation;Theory: envelope,equation,approx,Notes;Ideals;SHG;Scaling;DP:amp,
deamp;NP: amp,deamp;OPO: Notes,diag&

�
A
� 2, SuperSc,E � t � ,E � ω � , ∆φpp; Conclude.



Photon2002:Few-CyclePulsesin an OPO PaulKinsler & Geoff New

Super-ScaledOPO
With scaledcrystaldispersion– for examplepurposesonly.

ScaledGFEApulseenvelopesfor 6fs– 192fsandsuper-
scaledparameters. Note the transition at [ 40fs. All
SVEA envelopesarevery similar to the192fsGFEA.
Left–Right: idler, signal,pump;Top: GFEA envelopes;
Bottom: SVEA – GFEAdifference.

Convergenceof GFEAandSVEA simulationsfor longer
pulse lengths: maximum differenceover the middle
quarterof thescaledτ range,onalog10 scale.SeeNotes.
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ScaledOPO: cyclesand spectra

LEFT: E 	 t 
 : top to bottom,6, 9, 12fs;chosencarriers.

RIGHT: Ẽ 	 ω 
 top to bottom,field spectra;6, 12,36fs.Z In eachframe,lower to upper:pump,signal,idler.Z GFEA (—) andSVEA (– – –).

SeeNotes.

Title; Motivation;Theory: envelope,equation,approx,Notes;Ideals;SHG;Scaling;DP:amp,
deamp;NP: amp,deamp;OPO: Notes,diag&

�
A
� 2, SuperSc,E � t � ,E � ω � , ∆φpp; Conclude.



Photon2002:Few-CyclePulsesin an OPO PaulKinsler & Geoff New

ScaledOPO: phasedrifts

At steadystate, after eachpassof the oscillator, the/A / 2 for eachfield arethe same.However, the phaseof
thesignalandidler envelopeshave advancedby a fixed
amount.

Phasedrifts for arangeof pulselengthsandperfectphase
matching,GFEA (—–), SEWA (– j – j – j ), andSVEA (– –
–). The differencesare taken betweenthe phaseat the
peakof themodulus-squaredof thesignalenvelopesbe-
tweenpassesthroughthecrystal.
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Conclusions� Theory: interactiondynamicsareindependentof the
opticalcarrierphase,evenfor theshortestpulses.� Theory: few-cycleeffectsaddanextraphasetwist to
thenonlinearity.� Scaling: vital for seeingfew-cycle trends– which
would otherwisebeswampedby otherphenomena.�
Ideal χ � 2� : envelopeandphasechangesdueto thefi-
nite pulselengths(“few-cycle effects”) becomein-
creasinglysignificantfor shorterpulses.�
Ideal χ � 2� : Remarkabledifferencescan be seenfor
“de-amplification” of signal pulsesin when finite
pulselengths(“few-cycle effects”) areincluded.�

OPO: (multi-pass) this situation is more complex,
andit is hardto discernsystematictrendsin /A / 2 due
to few-cycle effects...�

OPO: ... however, a clear trend can be seenin the
pass-to-passchangesin the envelopephase– these
phasedrifts are more significant the better phase-
matchedthesystemis.� Next: Cavity synchronisation... Transverseeffects...
Look for finite pulselengtheffectsin anon-few-cycle
regimein realisticsystems.
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