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Testing quantum mechanics using third order correlations.
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Semiclassicaltheoriessimilar to stochasticelectrodynamicsarewidely usedin optics. The distinguishing
featureof suchtheoriesis thatrandomstatisticalfluctuationsareusedto modelthequantumuncertainty. These
randomstatisticalfluctuationsact like hiddenvariables.They cansuccessfullypredictsomequantummechan-
ical phenomenafor example,thesqueezingof the quantumnoisein theparametricoscillator. However, such
theoriesarenot equivalentto quantummechanics.Complex numberrepresentationscanbeusedto to exactly
modelthequantumuncertainty, but carehasto betakenthatapproximationsdo not reducethedescriptionto a
hiddenvariableone.Thequantumandhiddenvariabletheoriesmake verydifferentpredictionsfor higherorder
correlationsin nonlinearsystems.

Third order correlationscan provide a test that shows
a cleardistinctionbetweenquantumandhiddenvariable
theoriesin a way analogousto thatprovidedby the’all or
nothing’GHZ testof local hiddenvariabletheories.

[*] I worked at this institution whenpresentingthis work
at NQECin Southampton,U.K., in 1995;but thecontentwas
largely derivedfrom my PhDthesisdoneat theUniversityof
Queenslandin Australiawith Prof. PeterDrummond.

Contents

I.A One Page Summary 1

II.Introduction 1

III.The Model 2

IV.The Uncertainty 2

V.Hidden Variables 3

VI.Quantum Mechanics 3

VII.Discussion 4

VIII.Conclusion 4

IX.References 4

I. A ONE PAGE SUMMARY

Thirdordercorrelationscanprovideatestthatshowsaclear
distinctionbetweenquantumandhiddenvariabletheoriesin
a way analogousto thatprovidedby the’all or nothing’ GHZ

testof local hiddenvariabletheories.In Bells tests,theEPR
argumentgivesalowerboundfor ahiddenvariabletheorythat
is largerthanthelowerboundgivenby quantummechanics.

The systeminvestigatedhereis the degenerateparametric
oscillator, andthefocusisonhighordermomentsof thefields.

Thestochasticelectrodynamics(SED)theoryisconstructed
by takingclassicalequationsfor thefieldsandaddinga noise
termto each.This noiseplaysthe samerole asthe quantum
uncertaintydoesin quantummechanics,but is equivalentto a
hiddenvariabletheory. The predictedbehaviour of the third
ordermomentgivenby theSEDtheoryis a linearincreasefor
shorttimes.

A quantumcalculationfor thethird ordermomentpredicts
no increasefor shorttimes,clearlyshowing thedifferencebe-
tweenthe two theories. The differencebetweenthe hidden
variable(SED) and quantumresult is evident for all initial
photonnumbers.

Theseresultssuggestnew testsmeasuringthird ordercor-
relationsthatcoulddistinguishbetweenquantumandhidden
variabletheoriesin adramaticway.

II. INTRODUCTION

Local hidden variable theories
give predictionsincompatiblewith
quantum mechanicsin Bells ex-
ample, the EinsteinPodolskyRosen
[EinsteinPR1935]argumentgivesa
lower bound larger than the lower
boundgivenby quantummechanics
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[Mermin1981].
Stochasticelectrodynamics(SED) theory is equivalent to

the phenomenologicalapproachof taking a classicalmodel
and adding somenoise intendedto representthe quantum
mechanicalvacuumfluctuations[Marshall1963,Boyer1980].
This "stochasticelectrodynamics"is ahiddenvariabletheory,
becauseit representsthe quantumuncertaintyas a classical
probabilitydistributionoverelectricfield amplitudes.

Recently, new testsof local hiddenvariablethe-
ories have been proposed[GreenbergerHZ1989].
TheGHZ proposalis of anew type,andhasan"all
or nothing"outcome.

Thepredictionfor thedifferencebetweenlocalhiddenvari-
abletheoriesandquantummechanicsis no longerstatistical.
In principle it canbe testedin a singleattemptby usingdif-
ferencesbetweenthreeparticle correlationfunctionsfor lo-
cal hiddenvariableand quantumtheories. Thesenew tests
suggestthatanalogoushigherordertestson quadraturemea-
surementscouldproducesimilar testsof quantummechanics.
TheoriginalEPRparadoxhasbeendemonstratedexperimen-
tally usingquadraturecorrelationsin theparametricoscillator
[OuPK1992].

Here I presentcalculations[Kinsler1994,1995]
showing distinct differencesbetweena particular
third ordermomentfor theSEDandquantumtheo-
ries.

Complex numberdistributions can be used to represent
quantummechanicalsystems. Different representationsde-
scribe the samequantumuncertaintyin different ways the
positivePrepresentationusesa basisof quantummechanical
coherentstates,andsothequantumuncertaintyis implicit in
the description. In contrast,the morewidely known Wigner
representationis adistributionoverclassicalfield amplitudes.
Thismeansthequantumuncertaintyis representedby thedis-
tribution itself andso approximationscanreduceit to a hid-
denvariabletheoryequivalentto SED.It is a hiddenvariable
becauseit involvesa probabilitydistributionoverfield ampli-
tudes.This typeof theoryis unableto produceanything like
thecorrectmomentsin thesystemconsideredhere.

Thethirdordercorrelation(or mo-
ment)resultsin this postersuggest
that it should be possible to test
quantummechanicsusing quadra-
ture measurementson the macro-
scopicphotonstatesproducedusing
nonlinearopticalmaterials.

III. THE MODEL

The system investigated here is

the degenerateparametricoscilla-
tor, and the focus is on high order
momentsof thefields.

Cantrell, Lax and Smith [1973] have calculatedthe third
and higher order intensity correlationsof laser light near
threshold.Theseweremeasuredexperimentallyby Corti and
DeGiorgio [CortiD1974,1976].

HereI considerthird ordermomentsof thefield ratherthan
intensitymoments,which canbedonewith theuseof a local
oscillator. Third ordermomentsarecorrelationswith a zero
timedifference.

The systemconsideredis a degenerateparametricoscilla-
tor [Bloembergen1965,DrummondMW1981],describedas
an idealisedinterferometerthat is resonantat two frequen-
cies, w1 and wp. The electromagneticfield modecontain-
ing the higherfrequency photonsis usuallycalledthe pump
mode(ap), and the lower frequency modethe signal mode
(a1). Down conversionof the pumpphotonsto the subhar-
monicmodeoccursdueto a χ

�
2� non linearity presentinside

thecavity.

Theinitial conditionsI choosefor thismodelareacoherent
statein thepumpmodewith amplitudeε, anda vacuumstate
in thesignalmode.ThequantumHamiltonianin the interac-
tion pictureis

H � ik � a2
1ap† � a1†2ap � (3.1)

The stochasticelectrodynamicsfield variablesthat corre-
spondto theoperatorsa1 � ap will bedenotedb1 � bp.

IV. THE UNCERTAINTY

The stochastic electrodynamics
(SED)theoryis constructedby tak-
ing classicalequationsand adding
randomfluctuations.Thesefluctua-
tionsplaythesameroleasthequan-
tum uncertaintydoes in quantum
mechanics,but make it thesameas
ahiddenvariabletheory.

In this approach,SEDis presentedasa phenomenological
extensionto classicaloptics. The stateof the systemis rep-
resentedby anensembleof equivalentsubsystemswherethe
uncertaintyis built into theinitial conditionsof theensemble.

We cancompareaFokkerPlanckequationfor theSEDthe-
ory to theonefor thequantumWignerfunction[Wigner1932].
TheWigner function representsthe quantumstatesasa qua-
sidistribution, andquantumeffectscanbe describedby this
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sinceit cantake onnegativevalues.

Theonly differencebetweentheWignerandthestochastic
electrodynamicsFokkerPlanckequationsis that the Wigner
equationhasextra third orderderivative terms. The form of
thesetermssuggeststhat comparingthe third ordermoment
for thequantumsystem

M �	� a1 ��
 a1 ��
 2 � ap† ��
 ap† ��
 � (4.1)

to thatfor thecorrespondingSEDsystem

MS ��� b1 ��
 b1 ��
 2 � bp � ��
 bp ����
 � (4.2)

would most clearly highlight the differencesbetweenthe
two theories.

V. HIDDEN VARIABLES

Whatis thepredictedbehaviour of
thethird ordermomentgivenby the
hiddenvariable,stochasticelectro-
dynamicstheory?

I startwith the classicalequationsof motion for the field
amplitudes.Thetimeis scaledby thecouplingconstantt � kt.
The equationsof motion for the stochasticelectrodynamics
(SED) descriptionof the systemare just the classicalequa-
tions,andare

db1 � dt � b1 � bp � (5.1)

dbp � dt ��� b2
1 � 2 � (5.2)

Thedifferencein theseSEDequationsis that they needto
be averagedover an ensembleof initial conditions. These
are distributed in a gaussianway around the average. I
leave the details of the momentcalculationto the preprint
[Kinsler1995].

For the choseninitial conditions,the first order increment
in themomentMS is

d 
 MS � � dt � 4 � O � dt2
 � (5.3)

This hiddenvariable,SEDtheorypredictsan initial linear
increasein thevalueof themoment.Now I will comparethis
resultto thequantummechanicalpredictions.

VI. QUANTUM MECHANICS

A quantum calculation is done
in order to comparethe quantum
momentwith the hidden variable,
stochasticelectrodynamicsresult.

HereI presentthe resultsof quantummechanicalcalcula-
tions for the time evolution of the third ordermoment. The
time is scaledby the couplingconstantt � kt. I proceedby
substitutingthetimeevolvedstateinto theoperatorexpression
for the third ordermoment,andhenceobtainan equationof
motionfor theexpectationvalue.This is thenevaluatedin the
shorttime limit.

Leaving the details to the preprint [Kinsler1995], the
changein themomentM to first orderis

dM � O � dt2 
 (6.1)

Anotherway of doinga quantumcalculationof theevolu-
tion of thethird ordermomentM is usingthepositivePrepre-
sentation[DrummondG1980].Thisdescribeseachfield mode
amplitudeby two complex numbers.Thetwo complex num-
bersresultfrom the way the representationexpandsthe den-
sity matrix for thefieldsusinganoff diagonalbasisof coher-
entstates.It is alwayspossibleto find apositivePfunctionfor
thequantumstatethatis alsoa probabilitydistribution.

Thevariablesa1 � a1† describethescaledfield amplitudeof
the signalmode;andap � ap† describethe pumpmode. The
stochasticdifferentialequationsfor themare

da1 � a1†apdt � apdW1 � (6.2)

da1 � a1ap†dt � ap†dW2 � (6.3)

dap ��� a1 � 2 � 2dt � (6.4)

dap† ��� a1†2 � 2dt � (6.5)

where 
 dWidWj � � di jdt. ThesedWi aregaussianwhite
noiseincrements.The initial stateis a vacuumin the signal
anda coherentstateof amplitudee in thepump. In theposi-
tivePrepresentation,the initial conditionsof bothmodescan
berepresentedby deltafunctions.

Thequantummomentwritten in thepositive-Pnotationis

MP �	� a1 ��
 a1 ��
 2 � ap† ��
 ap† ��
 � (6.6)

I dothecalculationin asimilarwayto theSEDcalculation,
but againleave thedetailsto thepreprint[Kinsler1995].

To first order the ensembleaverageof the changein the
momentis
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 dMP � � O � dt2 
 (6.7)

If weiteratethispositive-Pmomentto higherorder, wefind
thatit is zeroto thenext orderaswell. Thispredictedmoment
agreeswith the operatorprediction,but not with that of the
SEDcalculation.

This is becausethe quantumuncertaintyis built into the
coherentstatebasisusedto generatethe positivePrepresen-
tation. This contrastswith the SED theory, which treatsthe
uncertaintylike a randomhiddenvariable.

VII. DISCUSSION

Theresultshaveclearlyshown the
difference betweenthe stochastic
electrodynamics(SED) theory and
thequantummechanicaltheories.

SED predicts that the third order moment considered
changeswith time as dt, whereasfor the quantumcalcula-
tions the changeis zero. This might be regardedasa some-
whatsurprisingresult,giventhe"standardview" thatquantum
andclassicalresultsshouldbe the samefor very shorttimes
[BermanYZ1991].However, examinationof the SED calcu-
lationsrevealsthat the initial increasein the momentis due
to the effect of the vacuumnoiseterm – in particular, to the
fourth momentof thenoise.

A noiselessclassicaltheory would give a result
the sameas the quantumfor short times, but of
coursethelongtimebehaviour wouldnow behope-
lesslywrong.

The evolution with time of the real part of the third order
momentsis shown on figure 1. It shows the numericalre-
sults for a rangeof initial coherentstateamplitudes. From
thesegraphs,which comparethepositivePsimulationresults

 MP � to thecorrespondingSEDresults 
 MS � , it would
seemthat it doesnot agreewith thequantumtheoryat all for
low photonnumbers,but doesagreefor larger photonnum-
bers.Theinitial slopeof the 
 MS � resultis1� 4,aspredicted
by thetheory.

Highlighting the initial behaviour
(figure2) shows that thedifference
betweenthehiddenvariable(SED)
and quantumresultsis evident for
all initial photonnumbers.

Figures2(ad)usethesamedataasin figures1(ad).

VIII. CONCLUSION

Here I have clearly demonstrated
the limits of a hidden variable
stochastic electrodynamics ap-
proachto non linear quantumsys-
tems.

This wasachievedby obtainingexactquantumresultsand
comparingthem to the correspondingstochasticelectrody-
namicsSED calculations.The resultsshowed a cleardiffer-
encebetweenthe two theories,the hiddenvariableonedis-
agreeingmarkedly with the quantumevolution. This differ-
enceoccurredfor all photonnumbers– evenin theusuallarge
photonnumber"semiclassical"limit SED did not make pre-
dictionscompatiblewith thoseof quantummechanics.

Thequantumvacuumis oftenreferredto asbeing
astateof zeroamplitude,with somefluctuationsor
"noise"added.Theseresultsclearlyshow that this
is nota ’classical’typeof noise.

Of course,suchconclusionscanalsobedrawn from studies
of Bells inequalityviolations,where"local realism"is shown
to beincompatiblewith quantummechanics."Local realism"
givesrise to hiddenvariabletheorieswherethe quantumun-
certaintyis assumedto bedueto someunmeasurablepartof
thesystem,just asin SED.

The difference in the moments
suggeststhepossibilityof new tests
that measurethird order correla-
tions, which could distinguishbe-
tweenquantumandhiddenvariable
theoriesin a dramaticway.
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FIG. 1: Figure 1: Graphsshowing the evolution of the third order
momentsMS � MP asa function of time for a rangeof initial condi-
tions. Thestatisticalerrorsdueto thefinite ensemblesareindicated
by thebrokencurvesabove andbelow theaveragevalues.
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FIG. 2: Figure 2: Graphsshowing the evolution of the third order
momentsMS � MP asafunctionof timefor thesameinitial conditions
asonthepreviousfigure,but with thescaleschosenin orderto high-
light thedifferencesin theinitial evolution. Thestatisticalerrorsdue
to thefinite ensemblesareindicatedby thebrokencurvesabove and
below theaveragevalues. 7


